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We describe the emergence of superfluid phases of ultracold dipolar fermions in optical lattices
for two-dimensional systems. Considering the many-body screening of dipolar interactions at in-
termediate and larger filling factors, we show that several superfluid phases with distinct pairing
symmetries naturally arise in the singlet channel: local s-wave (sl), extended s-wave (se), d-wave
(d) or time-reversal-symmetry breaking (sl+se± id)-wave. We obtain the temperature versus filling
factor phase diagram and show that d-wave pairing is favored near half-filling, that (sl + se)-wave
is favored near zero or full filling, and that time-reversal-breaking (sl + se ± id)-wave is favored in
between. The inclusion of a harmonic trap reveals that a sequence of phases can coexist in the cloud
depending on the filling factor at the center of the trap. Most notably in the spatial region where
the (sl+ se± id)-wave superfluid occurs, spontaneous currents are generated, and may be detected
using velocity sensitive Bragg spectroscopy.
PACS numbers: 03.75.Hh, 03.75.Kk, 03.75.Ss, 67.85.-d
Ultracold heteronuclear molecules are very interest-
ing quantum systems to study because they possess
electric dipole moments. This internal degree of free-
dom adds richness to the nature of interactions between
molecules in comparison to interactions between atoms
in purely atomic systems. Dipolar molecules can be ei-
ther fermionic or bosonic in nature depending on their
constituent atoms, and dipolar interactions allow for the
emergence of quantum phases which may be extremely
difficult to be realized in condensed matter. Recently,
ultracold dipolar molecules were produced optically [1]
followed by their production from Bose-Fermi mixtures
of ultracold atoms first in the vicinity of Feshbach res-
onances [2], and later brought into their rovibrational
ground state [3]. The production of these heteronuclear
molecules in harmonic traps has paved the way for stud-
ies of the quantum phases of interacting dipolar bosonic
of fermionic molecules. In the case of trapped clouds,
a few quantum phases have been proposed for dipo-
lar bosons including ferroelectric superfluids [4], Wigner
crystals [5], while for dipolar fermions phases such as
ferroeletric [4] or ferro-nematic [6] Fermi liquids and
Berezinskii-Kosterlitz-Thouless [7] or j-triplet [8] super-
fluids have been suggested. In the case of optical lat-
tices, additional phases such as supersolids [9] or micro-
emulsions [10] have been proposed for dipolar bosons,
while studies for dipolar fermions in optical lattices are
just beginning.
A natural next step for experiments is the loading of
dipolar (heteronuclear) molecules in optical lattices. We
have particularly in mind fermionic dipolar molecules,
such as 23Na40K, which seem to be stable against chem-
ical reactions in their electronic-roto-vibrational ground-
state [9]. Such molecules also have hyperfine structure
due to the nuclear spins, and a mixture of two hyperfine
states with sufficient long lifetimes may be created [12].
In anticipation of these experiments, we discuss here the
quantum phases of dipolar fermions in harmonically con-
fined optical lattices, paying particular attention to the
emergence of superfluid phases that break time reversal
symmetry spontaneously, as there are no confirmed ana-
logues in condensed matter physics [13]. By including
the effects of screening, we show that quantum phases
of dipolar fermions in harmonically confined optical lat-
tices (two-dimensional geometry) can be approximately
described by an extended Hubbard model for interme-
diate and high filling factors, where only local on-site
and a few neighbor interactions are required. For attrac-
tive local and nearest neighbor interactions, we derive
the phase diagram and establish all accessible phases in
the singlet channel. The most important phases corre-
spond to d-wave superfluidity and to superfluid phases
that involve a superposition of s-wave and d-wave com-
ponents of the order parameter and that break time re-
versal symmetry spontaneously. These phases naturally
arise due to the non-local nature of dipolar interactions
between heteronuclear molecules. In the broken time-
reversal symmetry phases, spontaneous currents flow and
can be detected using experimental techniques such as
velocity sensitive Bragg spectroscopy [14, 15].
The bare Hamiltonian for dipolar fermions in optical
lattices for a two-dimensional system (xy-plane) is
HBA = −t
∑
〈ij〉σ
c†iσcjσ + U
∑
i
ni↑ni↓ +
∑
i<j,σσ′
Vijniσnjσ′ ,
(1)
where 〈...〉 indicates nearest neighbors, and niσ = c
†
iσciσ
is the local particle number operator. A complete
derivation of HBA is found in the supplemental mate-
rial [16]. The on-site interaction U = Us + V0 contains
two contributions. The first is from s-wave scattering
Us = (4πh¯
2as/m)
∫
dr|w(r)|4 and the second is from the
on-site dipole-dipole interaction V0 =
∫
dkw2F (k)V (k),
where as is the s-wave scattering length, w(r) is the Wan-
nier function, wF (k) and V (k) are the Fourier transforms
of |w(r)|2 and of the dipole-dipole potential Vij , respec-
2tively. The long-range part of the dipole-dipole interac-
tion is Vij ≈ D
2 [ei · ej − 3(ei · rˆij)(ej · rˆij)] |ri − rj |
−3,
where D is the magnitude of the dipole moments located
at ri and rj , ei is the direction of the dipole moment
at ri, and rˆij is the direction of the line connecting
dipoles, while ri − rj is the distance between dipoles,
with rj = (jxa, jya) being the lattice vector, and a being
the lattice spacing.
The bare Hamiltonian is now transformed into an ef-
fective many-body Hamiltonian which includes the ef-
fects of screening, as the interaction between two bare
dipoles is renormalized (reduced) by the non-local dielec-
tric function ǫNL(ρ, r
′′), leading to an effective screened
dipole-dipole interaction VSC(ρ) =
∑
r′ V (r
′′)ǫ−1NL(ρ, r
′′).
Although this effect is weak at small filling factors (ν <
0.05), it is substantial for filling factors ν > 0.1 as the di-
electric function becomes sufficiently large to reduce the
range of the interaction to a few neighbors (See supple-
mental material [16]).
Since we are interested in superfluid phases, we choose
to tune the experimental parameters to generate mostly
attractive interactions. For the off-site dipolar inter-
actions, we choose to have all dipoles aligned along
the same direction (α, φ) of an external electric field,
where α (φ) is the polar (azimuthal) angle with re-
spect to the z (x) axis. The interaction becomes
V˜ij = Vxδ〈ij〉 (V˜ij = Vyδ〈ij〉) along the x (y) axis.
Here, Vx = D
2(1 − 3 sin2 α cos2 φ)/[a3ǫL(a)], Vy =
D2(1 − 3 sin2 α sin2 φ)/[a3ǫL(a)], while δ〈ij〉 = 1 for
nearest neighbors and zero otherwise. Here, ǫL(r) is
the local dielecric function [16]. For the angles φ =
±π/4,±3π/4, the interactions are Vx = Vy = V =
D2(1− 3 sin2 α/2)/[a3ǫL(a)], and become negative when
the condition sin2 α > 2/3 is satisfied. For the on-site in-
teraction, we choose to adjust the scattering length as to
produce U = −|U | < 0. We choose the electric field to be
parallel to the lattice plane with angles α = π/2, φ = π/4.
To study the physics discussed above, we use the effec-
tive two-dimensional model hamiltonian
H = −t
∑
〈ij〉σ
c†iσcjσ − |U |
∑
i
ni↑ni↓ − |V |
∑
〈ij〉σσ′
niσnjσ′
(2)
on a square lattice, with first few neighbors hopping and
interactions. In order to establish the quantum phases
as a function of filling factor ν, we start by constructing
the partition function Z =
∫
Dc†DceS for the action
S =
∫ β
0
dτ
[∑
iσ
c†iσ(τ)(−∂τ + µ)ciσ(τ)−H(c
†, c)
]
.
(3)
By symmetry, the singlet order parameters for super-
fluidity correspond to local s-wave ∆sl, extended s-wave
∆se and d-wave ∆d pairing [17]. Upon a simple and stan-
dard integration of the fermionic degrees of freedom the
action becomes
S = −
Ns
T
∑
q,α
|∆α(q)|
2
Vα
+Tr ln
(
G−10
T
−
V
T
)
+
µNs
T
, (4)
where α = sl, se, d; the interactions are Vsl = |U |, Vse =
Vd = |V |; and the four-vector q = (iνn,q). The inverse
free fermion propagator matrix is
G−10 (k, k
′) =
(
iωn − ξk 0
0 iωn + ξk
)
δk,k′ (5)
with kinetic energy ξk = ǫk − µ, band dispersion
ǫk = −2t [cos(kxa) + cos(kya)], chemical potential µ,
four-vector k = (iωn,k), and unit cell length a. The
bandwith of the dispersion is w = 8t. The additional
matrix appearing in Eq. (4) is
V(k, k′) =
(
0 ∆α(k − k
′)
∆∗α(−k + k
′) 0
)
λα(k,k
′), (6)
where the Einstein summation over α is understood, and
λα(k,k
′) are the symmetry factors for the order param-
eters, which in the limit of zero momentum pairing (k =
k′) become λsl(k,k) = 1, λse(k,k) = cos(kxa)+cos(kya),
λd(k,k) = cos(kxa)− cos(kya).
In terms of the quasiparticle (γ = 2) or quasihole (γ =
1) energies Ek,γ = (−)
γ
√
ξ2k + |∆αλα(k)|
2, where the
symmetry function λα(k) = λα(k,k), the effective action
becomes
S = −
Ns
|U |T
|∆sl|
2−
Ns
|V |T
(|∆se|
2+|∆d|
2)+S2+
µNs
T
. (7)
Here, the second term in the action is S2 =∑
k,γ ln [1 + exp(−Ek,γ/T )]. Notice that there are three
possible pure phases: local s-wave (sl); extended s-wave
(se) and d-wave (d). In addition, there are several possi-
ble binary mixed phases sl± se, sl±d, and se±d, which
do not break time-reversal symmetry, and there are also
those that do, such as sl±ise, sl±id, and se±id. Lastly,
several possible ternary mixed phases involving all three
symmetries sl, se and d may also exist.
General Case: The order parameter equations can be
obtained by minimization of the action with respective
to each order parameter. By taking δS/δ∆∗α = 0, with
α = sl, se, d, we obtain
∆α =
Vα
Ns
∑
k
tanh(Ek,2/2T )
2Ek,2
Λα(k), (8)
with symmetry factors Λα(k) = λα(k)
[
∆α′λα′ (k)
]
,
where repeated indices α′ indicate summation.
The number equation that fixes the chemical potential
is obtained through the thermodynamic relation N =
−∂Ω/∂µ, where Ω = −T lnZ is the thermodynamic po-
tential. In the present approximation Ω = −TS, and the
number equation reduces to
ν =
1
Ns
∑
k
[
1−
ξk
Ek,2
tanh(Ek,2/2T )
]
, (9)
3where ν = N/Ns is the filling factor.
Using the amplitude-phase representation, we write
the order parameters as ∆sl = |∆sl|e
iφsl for the local s-
wave symmetry, ∆se = |∆se|e
iφse for the extended s-wave
symmetry, and ∆d = |∆d|e
iφd for the d-wave symmetry.
The critical temperature can be obtained by setting the
order parameters ∆sl = 0, ∆se = 0, and ∆d = 0 in
Eqs. (8) and (9). In this case, the filling factor depen-
dence of the critical temperature Tc(ν) and the critical
chemical potential µc(ν) can be obtained for pure sl-,
se- and d-wave symmetries. The solutions for Tc(ν) are
shown in Fig. 1 for two cases |U |/w = 0 and |V |/w = 3/8,
as well as |U |/w = 1/4 and |V |/w = 3/8, where the
corresponding superfluid phases are also indicated. The
phase diagram obtained within the saddle point approxi-
mation is very accurate provided that both |V |2/w2 ≪ 1
and |U |2/w2 ≪ 1, but it is only semi-quantitative when
|V |2/w2 <∼ 1 or |U |
2/w2 <∼ 1. The phase diagram is
symmetric about ν = 1, since the Helmholtz free en-
ergy F = Ω + µN is invariant under the global particle-
hole transformation µ → −µ and ν → 2 − ν. Notice
that s-wave phases are favored at lower filling factors,
while the d-wave phase is favored near half-filling, this
is directly correlated with the higher effective density
of states in this vicinity. The time-reversal-symmetry-
breaking phases occur at filling factors between the s-
wave and d-wave phases. Generally, when |U |/w = 0, the
only accessible phases are se-, d- and (se± id)-wave, and
when |U |/w 6= 0 the only accessible phases are (sl+ se)-,
d and (sl + se± id)-wave.
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FIG. 1: Critical temperature Tc/w versus filling factor ν at
fixed interaction |U |/w = 0 in (a) or |U |/w = 1/4 in (b) and
|V |/w = 3/8. Notice the tetracritical point where the normal
and all superconducting phases meet.
Given that on-site interactions can be experimentally
controlled, we focus our discussion at |U |/w = 0, which
already contains the essential physics of superfluid phases
that spontaneously break time reversal symmetry and
have a d-wave component. The Ginzburg-Landau theory
near Tc is obtained by expanding the action of Eq. (7)
in terms of the order parameters ∆se, ∆d and their
complex conjugates. From the thermodynamic potential
Ω = −TS, we can calculate the Helmoltz Free energy
F = Ω + µN . The free energy per site F = F/Ns takes
the simple form
F = ase|∆se|
2 + ad|∆d|
2 + bse|∆se|
4 + bd|∆d|
4+
2bsd
[
1 + 1
2
cos(2δφ)
]
|∆se|
2|∆d|
2 + µ(ν − 1),
(10)
when the thermodynamic potential Ω is expanded to
fourth order in the order parameters using the action
S defined in Eq. (8). The coefficients a and b depend
explicitly on the parameters of the model used. In the
present case the possible phases se±d are not accessible,
and a tetracritical point exists where the normal and su-
perconducting phases with se, d and se± id symmetries
meet. In addition, the free energy depends only on 2δφ
and does not distinguish between the phases se+ id and
se− id, which are thus degenerate. In the se± id phases,
time-reversal symmetry is broken but not chirality.
Harmonic Trap: The essential effect of an underly-
ing harmonic trap Vh(r) = kr
2/2 is to allow for the
emergence of non-uniform solutions. In particular, the
harmonically confining potential allows for the existence
of all accessible phases se-, d- and (se ± id)-wave for
|U |/w = 0 and sl + se, d- and (sl + se ± id)-wave for
|U |/w 6= 0. Within the local density approximation, we
solve the order parameter Eq. (8) and number Eq. (9)
with µ→ µ− Vh(r). We obtain the profiles of the filling
factor and order parameters, shown in Fig. 2, as a func-
tion of dimensionless position from the center of the trap
η = [w/(8ǫh)]
1/2
(r/a), where ǫh = ka
2/2, and for param-
eters |U |/w = 0, |V |/w = 3/8, T/w = 0.0125, assuming
that ν = 1 (half-filling) at the center of the trap. Notice
that as the filling factor decreases from the center of the
trap to its edge, all accessible phases emerge: d-wave su-
perfluid at the center of the trap, followed sequentially by
regions of (se±id)- an se-wave superfluid, and the normal
state. Similarly, in the case of |U |/w 6= 0 at low temper-
atures and assuming that ν = 1 at the center of the trap,
the sequence of phases from the center of the trap is d-,
(sl+se±id)-, (sl+se)-wave superfluid followed by a nor-
mal region at the edge. The interesting qualitative aspect
here is the emergence of regions where time-reversal sym-
metry is spontaneously broken: (se ± id) for |U |/w = 0
and sl+ se± id for |U |/w 6= 0. This is very important in
a very broad sense, because there are no confirmed ex-
amples in condensed matter physics of superfluids that
spontaneously break-time-reversal symmetry. [13]
Spontaneous Currents: In order to keep the discussion
simple, we continue to focus on the case of |U |/w = 0,
and discuss the spontaneous current flow in the shell cor-
responding to the (se ± id)-wave superfluid. Consider
for example that either the se + id phase or the se − id
phase is realized in the example of Fig. 2. Given that ei-
ther chiral phase spontaneously break time-reversal sym-
metry, it is expected that within the boundaries of the
se + id (se − id) phase spontaneous currents circulate
clockwise (counter-clockwise) near the outer boundary,
and counter-clockwise (clockwise) near the inner bound-
ary. To visualize the spontaneously generated currents,
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FIG. 2: Spatially resolved filling factors ν in (a) and super-
fluid order parameters ∆α (α = se, d) in (b) as a function
of η = [w/(8ǫh)]
1/2 (r/a), for ν(0) = 1 (half-filling) at cen-
ter of trap and parameters |U |/w = 0, |V |/w = 3/8, and
T/w = 0.0125.
we perform a long-wavelength expansion of the action in
Eq. (4), which leads to the effective Free energy density
Feff = Fdi + Fnd + Fh + F . The first term is
Fdi = ∇∆
∗
se
cse,se
2m
∇∆se +∇∆
∗
d
cd,d
2m
∇∆d,
the second term is non-diagonal in the indices se and d
Fnd =
[
∂x∆
∗
se
cse,d
2m
∂x∆d − ∂y∆
∗
se
cse,d
2m
∂y∆d + C.C.
]
,
the third term is Fh = γseVh(r)|∆se|
2 + γdVh(r)|∆d|
2,
while the last term F is given in Eq. (10). Adding
a current source term −i∂m − am and considering
the phase difference δφ = φd − φse = ±π/2, we
obtain within the se ± id phase the particle current
density Ji = Ji,φ + Ji,|∆|, in Cartesian representation
(i = x, y). Here, Ji,φ =
2
m
[
|∆d|
2cd,d + |∆se|
2cse,se
]
∂iφd
is a phase-related contribution and Ji,|∆| =
2
mχ [|∆se|ci,se,d∂i|∆d| − |∆d|ci,se,d∂i|∆se|] is an
amplitude-related component, where χ = sin(δφ) = ±1
is the chirality of the se±id phase. In addition, the coeffi-
cients ci,se,d satisfy the relation cx,se,d = −cy,se,d = cse,d.
Given the existence of the harmonic potential, we
transform the currents to polar coordinates (r, θ), and
require the radial current Jr to vanish (Jr = rˆ · J = 0)
at the boundaries between the se ± id and se occurring
at r = Rse and at the boundaries between se ± id and
d phases occurring at r = Rd. At these boundaries
spontaneous currents flow only within the se ± id
phase limits, since these are the only phases that break
spontaneously time-reversal symmetry. Under these
conditions, non-trivial solutions for φd = χ [π/2 + f(r)θ]
and φse = χf(r)θ are possible with boundary con-
ditions f(r = Rse) = +1,, f(r = Rd) = −1, and
df(r)/dr|Rse = df(r)/dr|Rd = 0. The spontaneous
currents at the interface boundaries are tangential,
having the forms Jθ(r = Rse) ≈ (2χ/m)|∆d|
2cd,d/Rse
and Jθ(r = Rd) ≈ −(2χ/m)|∆se|
2cse,se/Rd, which can
be detected via Bragg spectroscopy as discussed next.
Detection of time-reversal-symmetry-breaking: A de-
tection scheme of spontaneous currents using velocity
sensitive Bragg spectroscopy [14, 15] is shown in Fig. 3
with right- (left-) going beam of frequency ω (ω′) and
linear momentum k (k′). In Fig. 3a, circulating currents
are shown at the boundaries of the region for (se + id)
superfluidity, due to spontaneous breaking of time re-
versal symmetry at lower temperatures. The case of a
normal region (higher temperatures), where no sponta-
neous currents exist, is shown in Fig. 3b for comparison.
In Fig. 3a, the two dark spots making angles θ and π− θ
with the horizontal satisfy the Bragg conditions due to
the Doppler shift creating by circulating currents in the
(se + id) region. Such Bragg spots are inexistent when
there are no-circulating currents present, as is the case of
the normal-state shown in Fig. 3b.
FIG. 3: Schematic plots of a velocity sensitive Bragg spec-
troscopy scheme to detect circulating currents of superfluid re-
gions that break time reversal symmetry spontaneously. The
case illustrated corresponds to |U |/w = 0 with filling factor
ν = 1 at the center of the trap.
Chemical and Collisional Stability: The chemical and
collisional stability of candidate molecules is a very
important issue. Currently is known that fermionic
molecules such as LiCs and KRb are not chemically sta-
ble [9], and tend to decay through collisions into Li2
and Cs2 or K2 and Rb2, respectively, and thus are not
ideal candidates for the effects proposed here. How-
ever, fermionic NaK is chemically stable, has a hyper-
fine structure, and the hyperfine states in electronic-roto-
vibrational ground state may have sufficiently long life-
times [12], thus making it an ideal candidate for the ef-
fects proposed here [16].
Conclusions: We discussed screened dipolar fermions
in harmonically confined optical lattices modeled by
an extended attractive Hubbard model, where both in-
teractions and filling factors can be controlled. We
had in mind particularly the fermionic dipolar molecule
23Na40K which is chemically stable in its electronic-roto-
vibrational ground state, but presents a hyperfine struc-
ture allowing for the creation of two-mixed spin states.
We established the superfluid phases in the singlet chan-
nel and indicated that accessible phases have not only
pure s-wave or d-wave characters, but also mixed (s±id)-
wave character which breaks time reversal symmetry
1spontaneously. We calculated the spatially-dependent
profiles of filling factor and order-parameter for various
superfluid phases, and proposed a Bragg spectroscopy ex-
periment to detect the time-reversal symmetry breaking
phase, which contains spontaneously circulating super-
currents.
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Supplemental Materials: Superfluid Phases of Dipolar Fermions in Harmonically
Trapped Optical Lattices
In this supplemental material, we provide details of the construction of the effective lattice hamiltonian in the
presence of long-range dipolar interactions, the effects of screening and a discussion of collisional properties of dipolar
molecules.
To describe the superfluid phases of ultracold dipolar fermions in optical lattices for two-dimensional systems,
first we derive in this supplemental material the lattice Hamitonian used to obtain distinct pairing symmetries that
naturally arise in the singlet channel: local s-wave (sl), extended s-wave (se), d-wave (d) or time-reversal-symmetry
breaking (sl + se ± id)-wave. Second, we discuss the screening effects of the dipolar interactions within the random
phase approximation. Finally, we comment on the effects of chemical and collisional stability of dipolar molecules,
and suggest that fermionic NaK molecules are potentially a very good candidate for the emergence of the superfluid
phases discussed in the main text.
Effective Lattice Hamiltonian
To obtain the effective lattice Hamiltonian described in this manuscript, we start with dipolar molecules confined
to move in two-dimensions and described by the following continuum Hamiltonian
HC = HSP +HSR +HLR, (S1)
where the first term represents the single particle energy
HSP =
∫
drψ†σ(r)
[
Kˆ + VP (r)
]
ψσ(r), (S2)
where Kˆ = −∇2/(2m) is the kinetic energy operator (h¯ = 1) and VP (r) is a periodic potential that produces a square
lattice pattern. The second term represents the short-ranged (local) attractive contact interaction
HSR = −g
∫
drψ†↑(r)ψ
†
↓(r)ψ↓(r)ψ↑(r) (S3)
2and the last term represents the long-range interactions
HLR =
1
2
∫
drdr′VLR(r, r
′)ψ†σ(r)ψ
†
σ′ (r
′)ψσ′ (r
′)ψσ(r). (S4)
Here, the long-range interaction is described by the term
VLR(r, r
′) =
1
4πǫ0
[
2q2
|r− r′|
−
q2
|r− r′ + d|
−
q2
|r− r′ − d|
]
,
which represents the Coulombic interaction between dipoles with effective charges +q and −q, separated by the
characteristic distance |d|. All the dipoles are assumed to be aligned along the same direction of a large external
electric field E, such that d ‖ E. The position vectors r and r′ reside on the xy plane.
Noticing that the minima of the optical lattice potential VP (r) define the lattice sites, we can write the lattice-
fermion creation operators as ψ†σ(r) =
∑
i ϕ
∗
iσ(r)c
†
iσ and the anihilation operators as ψσ(r) =
∑
i ϕiσ(r)ciσ . Here, the
Wannier functions ϕiσ(r) obey the orthonormality condition
∫
drϕ∗iσ(r)ϕjσ′ (r) = δijδσσ′ . In the local Wannier basis,
each contribution to the Hamiltonian becomes
HSP = −
∑
iσ
ǫic
†
iσcjσ −
∑
i6=jσ
tijσc
†
iσcjσ, (S5)
where the total on-site (local) energy is ǫi = −
∫
drϕ∗iσ(r)
[
−∇2/(2m) + VP (r)
]
ϕiσ(r) is independent of the site due to
translational invariance (ǫi = ǫ0), and the hopping matrix elements are tijσ =
∫
drϕ∗iσ(r)
[
−∇2/(2m) + VP (r)
]
ϕjσ(r).
We take ǫ0 to be our reference energy and set the on-site energy ǫ0 = 0.
The short-range interaction is written as
HSR =
∑
ijkℓ
Uijkℓc
†
i↑c
†
j↓ck↓cℓ↑, (S6)
where Uijkℓ = −g
∫
drϕ∗i↑(r)ϕ
∗
j↓(r)ϕk↓(r)ϕℓ↑(r). Due to the orthonormality of the Wannier functions, the main
contribution to HSR comes from Uiiii = Us, while otherwise Uijkℓ = 0. This implies that the contribution from
short-ranged s-wave interactions is described by the on-site interaction
HSR =
∑
i
Usc
†
i↑c
†
i↓ci↓ci↑, (S7)
with Us = −g
∫
dr|w(r)|4 , with g = 4πh¯2as/m, and where we used the simplification ϕi↑(r) = ϕi↓(r) = w(r).
Similarly the long-range part of the Hamiltonian can be written as
HLR =
∑
ijkℓ
V σσ
′
ijkℓc
†
iσc
†
jσ′ckσ′cℓσ, (S8)
where the general matrix element has the form
V σσ
′
ijkℓ =
1
2
∫
drdr′VLR(r, r
′)ϕ∗iσ(r)ϕ
∗
jσ′ (r
′)ϕkσ′ (r
′)ϕℓσ(r).
Due to the orthonormality of the Wannier functions, the dominant contributions are those corresponding to
V σσ
′
iiii = (1/2)
∫
drdr′VLR(r, r
′)|ϕiσ(r)|
2|ϕiσ′ (r
′)|2 which is effectively spin-independent, since the simplification
ϕi↑(r) = ϕi↓(r) = w(r) holds in the present case, leading to V
σσ′
iiii = V0/2 = (1/2)
∫
drdr′VLR(r, r
′)|w(r)|2|w(r′)|2.
The on-site contribution of the long-range interactions can be written in Fourier space as V0 =
∫
dkVLR(k)|wF (k)|
2,
where VLR(k) is the Fourier transform of VLR(r, r
′) = VLR(r− r
′), and wF (k) is the Fourier transform of |w(r)|
2.
The last contribution to the lattice Hamiltonian is V σσ
′
ijji = (1/2)
∫
drdr′VLR(r, r
′)|ϕiσ(r)|
2|ϕjσ′ (r
′)|2, which is also
effectively spin-independent, and corresponds to a density-density interaction with V σσ
′
ijji ≈ VLR(ri − rj) = VLR(i, j).
All the other terms from the tensor V σσ
′
ijkℓ are comparatively small due to the orthonormality of the Wannier functions,
leading to the simplified expression
HLR =
∑
i
V0c
†
i↑c
†
i↓ci↓ci↑ +
∑
i<j,σσ′
VLR(i, j)c
†
iσc
†
jσ′cjσ′ciσ. (S9)
3The second term becomes the dipolar interaction at large separations |ri − rj | ≫ d. The final lattice Hamiltonian is
then the sum of the three contributions HLT = HK +HL +HLR leading to the bare lattice Hamiltonian
HBA = −t
∑
〈ij〉σ
c†iσcjσ + U
∑
i
ni↑ni↓ +
∑
i<j,σσ′
Vijniσnjσ′ , (S10)
where the local interaction is U = Us+V0 and the non-local interaction is Vij = VLR(i, j). However, like the Coulomb
interaction in solid state crystals, the long-ranged interaction of dipolar nature can also be screened, as discussed
next.
Screening effects
It is well stablished that screening effects are very important at sufficiently large densities for electronic materials
which interact via long-ranged Coulomb forces [S1]. In such systems, the effective interactions between electrons can
be reduced to purely on-site or to on-site and nearest neighbors. Screening effects serve as the basis for the justification
of simplified lattice models in condensed matter physics, such as the Hubbard model, where only on-site interactions
are considered, or the extended Hubbard model with on-site and nearest neighbor interactions.
In the case of dipolar interactions, screening can also be important if the density of dipoles is sufficiently large.
If in real space the bare interactions VBA(ρ) depend only on the separation ρ = r − r
′ between particles located at
positions r and r′, then in momentum space the screened interactions, in their simplest description, can be expressed
as a ladder sum of repeated interaction events [S1] leading to
VSC(q) =
VBA(q)
1− VBA(q)P (q)
, (S11)
where P (q) is the zero-frequency polarization function for fermions, producing static screening of the bare interaction.
At the first level of approximation P (q) can be replaced by the non-interacting polarization at zero frequency
P0(q) =
∑
k
nF (ξk+q)− nF (ξk)
ξk+q − ξk
.
The standard approach used here is called the static random phase approximation (RPA) for screening [S1].
The expression for the screened interaction in momentum space becomes VSC(q) = VBA(q)/ǫ(q) = VBAχ(q),
where ǫ(q) = 1−VBA(q)P (q) is the dielectric function and χ(q) is the electric permittivity. The screening interaction
potential in real space becomes
VSC(ρ) =
1
VD
∫
dr′′VBA(r
′′)ǫ−1NL(ρ, r
′′) (S12)
where the non-local screening function is ǫNL(ρ, r
′′) = χ−1(ρ− r′′). The screened interaction can be finaly written as
VSC(ρ) = VBA(ρ)/ǫL(ρ), (S13)
where the local screening function is defined to be ǫL(ρ) = VBA(ρ)/
[
V −1D
∫
dr′′VBA(r
′′)χ(ρ− r′′)
]
.
In solids, for electrons interacting only via Coulomb repulsion, it is well established that screening plays a very
important role and leads to an effective lattice Hamiltonian that includes only local Coulomb (on-site Hubbard) inter-
actions and nearest neighbors screened Coulomb (extended Hubbard) interactions, as can be inferred from standard
many-body textbooks [S1]. Such effective Hamiltonian is meant to describe quite accuratelly electrons interacing via
Coulomb forces in crystal structures at nearly any filling factor of the electronic band, with the sole exception of
very low filling factor, where screening is not effective and the long-ranged nature of the Coulomb forces needs to
be taken into account. We performed a similar analysis here for long-ranged dipolar interactions using the random
phase approximation described above, and find that the long-range dipolar interactions in an optical lattice are weakly
screened for filling factors ν < 0.05, but they are strongly screened beyond ν > 0.1. This indicates that for filling
factors larger ν = 0.1, we need to consider at most interaction between the first few neighbors, which thus justifies
the use of the screened Hamiltonian that produces the phase diagrams shown in Figs. 2 and 3 of the main text.
4Chemical and Collisional Stability
Much of the experimental effort involving dipolar molecules has been devoted to heteronuclear dimers consisting
of alkali atoms [S2–S5]. It is known experimentally that fermionic 40K87Rb molecules are chemically unstable [S6]
towards the formation of dimers K2 and Rb2. In addition, theoretical work have shown that all heteronuclear Li dimers
will be subject to reactive trap losses, but all the remainder bi-alkali heteronuclear molecules should be stable with
respect to atom exchange collisions in their ground rovibronic state [S9]. Of the remaining stable bi-alkali heteronuclear
molecules (NaK,NaRb,NaCs,RbCs), one of the best candidates for the observation of many-body effects caused by
long-ranged dipolar interactions is NaK, which can be fermionic 23Na40K or bosonic 23Na39K in nature. These systems
are currently being pursued by some groups [S7, S8]. Another serious candidate is bosonic RbCs, which is also being
explored experimentally [S5]. The formation of trimers of the remaining stable heteronuclear molecules was also
theoretically found to be highly endoenergic for ground robrational singlet states [S9], and it is also very likely to be
endoenergic for the first few excited robrational singlet states. Nevertheless, additional experimental and theoretical
studies of few body effects like dimer, trimer and tetramer formation and stability need to be performed. Although
losses are expected due to attractive interactions necessary for pairing and superfluidity of fermionic dipolar molecules,
it is not yet known theoretically or experimentally how big losses will be. However, preliminary theoretical [S9] and
experimental [S7] work seem to suggest that fermionic 23Na40K molecules are arguably the best candidate for the many
body effects that lead to the emergence of fermionic dipolar superfluidity with breaking of time reversal symmetry,
as discussed in the main text.
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